In a separable Banach space, for set-valued martingale, several equivalent conditions based on the measurable selections are discussed, and then, in an M-type 2 Banach space, at first we define single valued stochastic integral by the differential of a real valued Brownian motion, after that extend it to set-valued case. We prove that the set-valued stochastic integral becomes a set-valued submartingale, which is different from single valued case, and obtain the Castaing representation theorem for the set-valued stochastic integral, which is applicable for set-valued stochastic differential equations.
subset of L 2 (Ω, F , P ; R n ) but not a set-valued stochastic process. Kim and Kim [13] defined the stochastic integral I t (F )
where F = (F t ) t 0 is a set-valued stochastic process, B = (B t ) t 0 is the real valued Brownian motion and S 2 (F (t)) is the family of measurable selections of F with some conditions. But unfortunately this kind of stochastic integral is still not a set-valued stochastic process since the set of stochastic integrals of all integrable selections may not be decomposable, which is not an analogue to the single valued stochastic integral. Jung and Kim [11] modified the definition in 1-dimensional Euclidean space R. They took the decomposable closure of Γ t as the family of measurable selections of I t (F ). Li and Ren [17] , and Li [25] modified Jung and Kim's definition by considering the predictable set-valued stochastic process as a setvalued random variable in the product space (R + × Ω), the measurability and decomposability also were based on product σ -algebra. In [17] and [25] , the authors took the basic underlying space R n instead of R, and obtained the representation theorems on the predictable set-valued stochastic process, the set-valued martingale, the set-valued and the fuzzy set-valued Itô integral. This paper is mainly devoted to set-valued martingales and set-valued stochastic integrals when the basic space is a wider class than finite dimensional Euclidean space. Section 2 is devoted to some preliminaries on set-valued random variables and set-valued stochastic processes. In Section 3, we extend the definitions of set-valued martingales, submartingales and supermartingales given by Hiai [7] . Then we study the properties of set-valued martingales. Several equivalent conditions on the set-valued martingale are discussed. In Section 4, at first we give a definition of single valued stochastic integration on a so-called M-type 2 Banach space [3] with respect to a real valued Brownian motion. Then we employ Jung and Kim's definition [11] on the set-valued stochastic integral and replace R by the real separable M-type 2 Banach space X.
After that, we study properties of set-valued stochastic integrals. There are some results similar to single valued case. What deserves to be pointed out is there are some very different points compared with single valued stochastic integrals since the complexity of set-valued functions. For example, a single valued stochastic integral is L 2 -bounded then is bounded almost surely, furthermore the expectation is zero almost surely, but a set-valued stochastic integral may be an unbounded subset of X almost surely. Single valued stochastic integral is a single valued martingale but the set-valued one is a set-valued submartingale. By using dual space of X, we also study the relationship between general set-valued stochastic integrals and interval valued ones.
Notations and preliminaries
Throughout this paper, we denote N: the set of all natural numbers, R: the set of all real numbers, R + : the set of all nonnegative real numbers, (Ω, F , P ): a complete probability space, (X, · ): a separable Banach space equipped with Borel sigma-algebra B(X), M(Ω; X): the family of all X-valued F -measurable functions, X * : the topological dual space of X, K(X): the family of all nonempty closed subsets of X, K c (X): the family of all nonempty closed convex subsets of X,
: the set of all X-valued Borel measurable functions f : Ω → X such that the norm It is known that the space of all bounded closed subsets of X with respect to the Hausdorff metric H is a complete metric space (cf. Theorem 1.1.2 in [16] ). For A ∈ K(X), define A K := H( A, 0) = sup a∈ A a . In the case where
Let Γ be a set of measurable functions f : Ω → X. we call Γ is decomposable with respect to the σ -algebra F if for any finite F -measurable partition A 1 , . . . , A n and for any f 1 , . . . , f n ∈ Γ it follows that χ A 1 f 1 + · · · + χ A n f n ∈ Γ , where χ A is the indicator function of set A, i.e.
The following results come from Hiai [7] . [7] .) Let
The integral (or expectation) of a set-valued random variable F was defined by Aumann in [2]
Since set-valued stochastic integrals (it will be studied in Section 4) are integrable but maybe unbounded almost surely (see [20] ), in order to study martingale property of set-valued stochastic integrals later, here we need to use the extended definition of conditional expectation compared with that in [7] .
Assume B is a sub-sigma algebra of F , F is an L 
Set-valued martingale and its properties
In this section, assume (Ω, F , (F t ) t 0 , P ) is a complete nonatomic filtered probability space. The filtration satisfies the usual conditions given in above section. For s < t, if the probability space has no F s -atom, then the conditional expectation [18, p. 173] . So, in order to define a set-valued martingale with a nonatomic probability space, at least we need that the process is convex-valued.
By Lemmas 2.2-2.4, it is reasonable to give the following definitions on set-valued martingale, set-valued submartingale and supermartingale.
and
is a closed interval. And according to Lemma 1.1 in [7] there exists a sequence { f n } of measurable functions such that
Then f = inf n f n and g = sup n f n are measurable and satisfy the condition.
The converse is easy by using the definition of a set-valued measurable function since for every open subset O of R,
. Then the following statements are equivalent:
(2) for any 0 s t T , we have
is obvious from the definitions of the set-valued martingale and the conditional expectation of a set-valued random variable. Now we prove (2) ⇒ (3). Assume (2) holds, then taking t = T , for any 0 s T , we have
From (3.1) and (3.2), we have S
Conversely, let 0 s t T and take arbitrary g ∈ S F t (F t ), then there exists a sequence {g n = (g
Therefore it follows that Remark 2. When the time parameter set is R + and F = {F t , F t : t ∈ R + } is integrably bounded, Li and Ren [17] proved the result. In fact the condition of integrably bounded can be released to integrable. Here the time parameter set R + is replaced by the interval [0, T ], then the proof (2) ⇒ (3) becomes much easier.
Castaing representation of set-valued stochastic integral in a separable M-type 2 Banach space
In this section, we assume that X is a separable M-type 2 Banach space. Let (Ω, F , F t , P ) be a complete nonatomic filtered probability space. Let T ∈ R + and {B t , [15] ). Let L p (X) be the family of all measurable X-valued The stochastic integration is well defined in a Hilbert space since it has the nice geometrical property: inner product. However, for general separable Banach space there are difficulties in defining the Itô integral since the Itô isometry does not in general hold. Z. Brzeźniak and A. Carroll in [3] studied the M-type 2 Banach valued stochastic integration with respect to an X-valued Wiener process. As a special case, we consider an M-type 2 Banach valued stochastic integration with respect to the real valued Brownian motion (see [10, 19] 
For f ∈ L 2 step (X), define an X-valued F -measurable random variable
We have the following lemmas, which are crucial for defining the Itô integration successfully.
where the constant C is the same one appearing in Definition 4.1.
Proof. For any integer 0 k n − 1, let
That is to say {M k , F t k : 0 k n − 1} is an X-valued martingale. According to (4.1), immediately we get 
, is continuous, and we have such that 
Then f is approximated by a sequence of finitely valued functions { f n : n ∈ N} [24] such that
so that by the Lebesgue dominated convergence theorem, (4.5) yields 
< . 
which, together with (4.6) and (4.7), completes the proof. 2
Then by Lemmas 4.1 and 4.3, we can extend the integrands into a larger class
where the limit is taken in L 2 -sense. Then from Lemma 4.1 and property of limit, taking f ∈ L 2 (X),
Now we study a set-valued stochastic integration with respect to the real Brownian motion on an M-type 2 Banach space X.
For a set-valued stochastic process {F t ,
, define a set of functions 
Remark 4. It is easy to see for any
. In addition, de Γ t is nonempty since Γ t is nonempty. By Proposition 2.1, there exists an
Remark 5. In [11] , Theorem 3.2 shows that de Γ t is a bounded subset in L 1 (Ω, F t , P ; X), but there is a little problem in the proof of
In fact, by using the Schwarz inequality, the right-hand side should be
So the boundedness was not proved since
In [11] , Theorem 3.7 also shows the stochastic integral I t (F ) is L 2 -integrably bounded, but we still think there is a problem in the proof when the order of sup and integral Ω was changed in the 5th line of p. 410. The same problem appeared in Theorem 3.14 of [11] and in Theorem 8.1.10 of [25] . As a matter of fact, we should notice that Γ t is a closed
and only if I t (F )(ω)
is unbounded almost surely in X. For X = R, Ogura [20] gave an example to show that I t (F )(ω) is unbounded a.s. in R, therefore, the Hausdofff metric between two interval-valued stochastic integrals maybe equals to infinity almost surely even if integrands are bounded, which implies Theorem 3.14 of [11] are not complete. 
Definition 4.2. The set-valued stochastic process (I t (F )) t∈[0,T ] defined as above is called the stochastic integral of
where decomposability with respect to sigma-algebra F t , both closures are taken in L 1 .
is decomposable with respect to sigma-algebra F s and closed in L 1 .
Then
Remark 6. When X = R, Jung and Kim in [11] proved that the set-valued process 
where the closure is taken in L
It suffices to prove
since the opposite inclusion is obvious. At first we will show
We only consider the combinations which consist of two elements. Let g 1 , g 2 ∈ S 2 (F (·)), then there exist two subse-
Remark 7. If we define
where the closure is taken in L 2 . By using the method similar to the proof of Lemma 4.5, under the same condition as that in Lemma 4.5, we have the following results
Theorem 4.3 (Castaing representation of set-valued stochastic integral)
. Assume F is separable with respect to the probability measure P . Then for a set-valued stochastic process {F t ,
s., and 
(Note: In the above equation, the sequence depends on t.) Since Owing to the countability of the sequence, we can find an exceptional P-null set N 2 , such that for ω ∈ Ω \ N 2 cl h n t (ω): n ∈ N ⊂ F t (ω). Interval-valued functions are a special class of set-valued functions. Sometimes it may be more convenient to handle interval-valued functions than general set-valued case. In the following, we will show the connection between intervalvalued stochastic integrals and general set-valued ones.
Let X * be the topological dual space of X, F = {F t , F t : t ∈ [0, T ]} be a convex set-valued stochastic process. Take x * ∈ X * , for any t ∈ [0, T ], define 
